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Abstract—The propagation of time harmonic longitudinal shear waves in a composite with randomly distributed
parallel fibers is studied. Assuming the composite to be statistically uniform, the phase velocity and the damping
of the average waves are obtained as functions of the statistical and the mechanical parameters of the system.
The theory leads to the well known Hashin and Rosen’s formula for the axial shear modulus if the correlation
in the positions of the fibers are ignored. The correlation terms are shown to have a significant effect on the
damping property of the composite, especially at high frequencies and concentrations.

INTRODUCTION

WE CONSIDER a fiber-reinforced composite which consists of a homogeneous, isotropic
medium, containing long, parallel, randomly distributed, circular fibers of identical
properties. The theoretical investigation of the dynamic properties of such composites is
a prerequisite to the design of composites with high strength and high damping. Although
the statistical nature of the problem has long been recognized (Adams and Tsai [1]), a
systematic statistical theory does not exist in the literature. Achenbach and Herrmann [2]
included the matrix—fiber interaction by using an effective stiffness method, in which the
displacement of the central line of the fiber is equated to the displacement of the matrix.
Their predicted results gave no dispersion and attenuation of waves propagating normal
to the fibers.

We present herein a statistical analysis of time harmonic shear waves propagating
normal to the fibers. The problem of the propagation of multiply scattered waves (scalar
or vector), from a random distribution of objects, has been extensively studied in the
literature. Here we shall use a method similar to those of Waterman and Truell [3] and
Fikioris and Waterman [4]. First, the problem of the scattering of a plane wave by a large
number N of fibers, arbitrarily distributed in an infinite matrix, is considered. The resulting
equations are then averaged, considering the positions of the fibers to be random. The
averaged equations are solved by using Lax’s “‘quasicrystalline” approximation [5], to
yield the propagation characteristics of the average wave. This approximation, which is
exact when the scatterers have causal distribution, is known to be good, even for high
concentrations of the scatterers.

The results obtained here are valid for arbitrary concentration of the fibers and for
arbitrary contrast in the elastic properties of the fibers and the matrix. The “‘pair cor-
relation function” can also be of arbitrary form, provided its effect is assumed to be small.
This assumption has been justified on the ground that when it is ignored, Hashin and
Rosen’s formula [6] is obtained for the axial shear. The wave length of the propagating
waves are, however, assumed to be large compared to the fiber radius.
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The particular case when the pair correlation function has an exponential form, is
examined in detail. The average velocity of propagation and the damping are calculated
under the assumption that the wave length is large compared to the “‘correlation length”
as well as the fiber radius. The results are presented to the lowest order in the small quan-
tities only. However, the method is general enough, so that higher order terms in these
approximations can be obtained without much difficulty.

1. Arbitrary configuration of N fibers

We suppose the matrix to be extended to infinity and the fibers to be located within
a large region S of a cross section of the material. Let y, p be the rigidity and the density
of the matrix and y’, p’ those of the fibers. If the matrix is viscoelastic, as in a plastic material,
u can be considered complex (Hashin [77). Labelling the fibers by suffixes 1,2,... N and
taking suitable coordinate axes in a transverse plane, let the boundary of the ith fiber be
denoted by C; and the polar coordinates of its center 0; be (r;, 0,). We consider the case
when C/’s are all circles of equal radius a.

Suppose that a time harmonic transverse plane wave is generated at infinity prop-
agating in a direction perpendicular to the fibers. Then, choosing the x-axis in the
propagation direction, and suppressing the time factor e, the total displacement w
(parallel to the fibers) at a point P in the matrix can be written as

w=e** 4 % 020: A, H (kR)e™®, (1)
i=1lm=—w
where
k=w/B, B=Wpr )

H, is a Hankel function of the first kind and (R;, ¢;) are the polar coordinates of P with
0; as origin (Fig. 1). In equation (1) the first term corresponds to the incident wave and
the second term represents the scattered waves emanating from the N fibers. The dis-
placement w; inside C; can be similarly written as

w; = Z Bime(klRi) eimd),-’ (3)

I
m= =

where

K=wlf. B =G )

o
F1G. 1. The coordinate systems.
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The coefficients A4,,, B, must be determined from the boundary conditions on C;.
The condition of continuity of displacement at Pfa, i) gives

x N w©
2 Bidulka)e™: = [e*"‘* +Y Y AmHJkR) ei'“‘f’f:] ,
m=-wo i=1m=-ow Pi

Multiplying by e~ and integrating from 0 to 2z, or equivalently, equating the Fourier
coeflicients on the two sides, we have,

(k‘a) = "] (ka) ezkrjcos&_,_*_ Z Z A;m jm {5)
i=lm=-
where
2= . i
i = 5| [HalkR) €™ 0p 0™ dy. ®)
For i = j, we easily get
K jjmn = H,(ka)5,,. (7

For i # j, using the addition theorem of Hankel functions (cf, Fig. 1 when P coincides
with P))

{ez’mé;Hm(kRi)]Pj — eimeij( - l)m —Z ( . l)sjs(ka)Hs«m(krij) eis‘i(lilj"ﬂij),
we get
K = Jlka)H , _ (k) gitm=moy, (8)

ijmn

Here (r;;, 0,;) are the polar coordinates of 0; referred to 0; as origin. Thus equation (5)
becomes, with an obvious transformation,

i=1l m=—ow

N @
B_m']n(k’a) Ajan(ka) + Jn (ka) I:l" eikrj cosf; + Z J Z Ai,m+ nHm(krij) eimoU] » (9)

where )’ denotes the sum over all fibers except the jth.
The condition of continuity of the shear stress at P; similarly gives,

¢ 0
Ep ,.(k a) = Ajus Hyka)+ - J(ka)[l e"‘”°°”’+z Z Aim+ntl m(kru)e""a”] (10)

i=lt m=—-ow

From equations (9) and (10) we obtain,
Ay = IC,Fy, (1)
B,, = D,F,, (12)
where

ic. = M nka)0/oa)](ka)~ p'J (ka)(9/da)J (k'a)
" WH(ka)(0/a) (K a) — uJ,(k'a)(0/0a)H (kay

(13)

D, =2 / [uJ..(k’ )a H,(ka)— u'H,.(ka)-*- n(k'a)} 14
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and using equation (11), F;, can be shown to satisfy the infinite system of linear equations

N @®
F}'n = i” exkr_g c°58j+i Z’ Z Cm+an',m+ nHm(krij) eamBU‘ (15)
i=1lm=—ow
Evidently C, and D, are even in n.
For the case of thin fibers (ka « 1), expanding the Bessel functions and retaining the

lowest order terms in ka,

C, = f‘-(ka)z(ﬁ—x), (16a)
4 p
n Hip—1
C, = —=(ka)? , 16b
1 4( a) Wil (16b)
C,=0, mx>2 (16¢)

In this case, it is evident from equation (11) that the summation in (1) consists of only
three terms corresponding to m = 0, +1, and the coefficients F;,,, |m| > 2 are redundant.
The remaining three coefficients are then given by three of the equations (15).

2. Random distribution of fibers

If the positions of the fibers are considered to be random in the above formulation,
(R;, 93, (i}, 0;)), w, w; and F;,, are all random functions of some or all of 0{r;, ). Denoting
the position vector of this point by r;, let the probability density of the random variable
(ry,r,...,ty) be p(r,,r,,...,ry). Then, due to the indistinguishability of the fibers, it is
symmetric in its arguments. Furthermore, we have

p(rlsr2s . "9rN) = p(ri)p(rlar,’la- .. a,a- .. ,erri)

>

= pr)prje)plr ey, 0 ) T (17
Due to indistinguishability again, we have
p(r) = pr;) and plrjr) = p(r,jr,) foralli, j{i # ).

For a uniform composite, the positions of a single fiber are equally probable within S.
Hence recalling that the probability densities are normalized and neglecting the con-
tributions due to the finite cross section of a single fiber, which vanishes as § — oo,

1
pry) = 3 r,es
(18)
= 0, r, ¢85

In this case, the distribution of fibers around the fiber at 0,(r,), well within S, will, on the
average, be circularly symmetrical. Moreover, if thin circular rings of equal width are
drawn around 0,, the number of fibers within each ring will increase, as the radius of the
ring increases. The initial rate of increase should be greater for smaller concentration
c(=mna’N/S) of the fibers. Hence, p(r,|r,) should be an increasing function of r,, alone, with
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greater initial gradient for sparser concentration. Thus we can write,

1
plrylry) = 5[1 AT res,

:0’ r2¢S’

where the “pair correlation function” f(r,,) < 1 is a decreasing function of r,,. The
normalization condition gives, in the limit as S — oo,

(19)

.1 (R
]Im —f f(rxz)rlz drlz = 0. (20)
4]

R~ w R2

Two additional restrictions are obtained from the conditions of the impossibility of
interpenetration of the fibers and of their independence when they are infinitely apart.
These are

flri)) =1, r < 2a,
=0, r;— 0. (21)
A function satisfying these conditions is
Sr) =1, ri2 < 2a,
=de L p . >2g (22)

0 < 4 < e*L and is schematically shown in Fig. 2. The correlation length L > 0 is such
that the smaller its value the steeper the exponential part of the curve. This should take
place for sparser concentrations. Thus we should have

L = L{c), 23

:

O| 2a fiz

F1G. 2. The exponential pair correlation function.

where L{c} is an increasing function of ¢. When L — 0, p(r,|r,) becomes independent of
r,, corresponding to the case of zero concentration. Hence we should have
lim L(c) = 0. (24)
c—0
Since the possible spread of the number of fibers around 0, is 0 to 6——which is insignificant
in a large sample, the coefficient A should be nearer to its upper limit.
In the following we shall assume that the conditional probability p(r,|r,), in general,
satisfies equations (19-21) and is given by equations (22-24) as an example. Since S will
be made infinite, it is assumed to be valid throughout S.



1080 S. K. Boseand A. K. MaAL

3. Average field in an infinite composite
Following Waterman and Truell [3], we introduce the symbol
a(r,r;) =0, r within C;,
=1, r outside C;.

Then, since there is no interpenetration of fibers, equations (1) and (3) can be combined
to give the total displacement in the form

= Iil—i {1—afr,r) }w+ > {1-arr)

N
=[1—. {l—oz(r,r)—J e+ Z Z a(r, r)C,F;, H,(kR,) €™

i=1 i=l m=-o
N N/ o
— Y Y Y {1—olr, 1)} CopFiH o(kR) €™
j=li=im=-o
N o
+'Z Z {1 —or, )} D, FipnJ (k'R;) €™, (26)

Taking expectation values and using equations (17-19) the average field within the com-
posite is given by

(W) = (1—c)e*+nyi Z CM[J (Fy» H,(kR;)e™? dr,
fri—r|>a

m=— o

1 .
| ) LS R RS ECY
Iri-rl<a Jr2—r1|>2a

Z D'”f <F1m>1Jm(k1R1) eim¢1 drl s (27)
m=—cw Iry—r|<a
where n, = N/S is the number of fibers per unit area and <F,,.>,, {(F,.>1» are the con-
ditional expectations when fibers 0, or 0, and 0, both are held fixed.
To determine {F,,,>,, we put j =1 in equation (15) and take the conditional ex-
pectation to obtain

: ikry cos : 1
(Fip, = i"e™ 01+m0(1_1‘\]‘)

i Cm+nf {1-f 712}

m=— r{,r2e8
X CFy sy 12 Hulkry2) e dr,. (28)

This involves the unknown conditional expectation when two fibers are held fixed. If, in
a similar manner, we take the conditional expectation of equation (15) with two fibers
held fixed, the resulting equation will contain the conditional expectation with three
fibers held fixed, and so on. We break this hierarchy, by making Lax’s ““quasicrystalline”
approximation [5],

<Fim>ij = <Fim>i’ i # j’ (29)

which is known to be a good approximation even for dense systems. We further use,
following Lax [5], the so-called “‘extinction theorem” when S and N become infinitely
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large. According to this theorem, the incident wave is extinguished on entering the com-
posite, so that the corresponding terms in equations (27) and (28) can be dropped. Thus,
these equations reduce to,

(W) =ing i CmU (Fimy H(kRy) ™ dr,

m=~— o Iri—r|>a

—Ny J dry f {1=f(r12)}{Famy 2 H(kR;) €™ dr2:|
[ri—r|<a [r2—ry|>2a

+n, ¥ D, f CFund 1 Jnk'Ry) € dr (30)

m=— lr1—r|<a

CFypy = ing _Z_ Cm+nfl {1—f(rl2)}<F2,m+">2Hn(kr12)ei""z‘drz. (31)

n r2—ry|>2a
Assuming the existence of an average plane wave, we try, for equation (31), the solution
(Fippi = i"Fy e, x; = r;cos b, (32)

where F,, and K are constants. The first integral appearing in equation (31} is

iK. inf
J e**2H (kr,,) e dr,
Ir2—ry|>2a

1 . : . )
=573 2_[ (V™) H, (kr,) €™t —e'* V2 {H,(kr ;) €™ }]dr,
k*—K Ir2—ry|>2a

o 2mai™"
— oikx 2T I:Jn(ZKa)%Hn(Zka)—H"(zka)%fn(zKa)]’

k2_K2

where the Green’s theorem and the plane wave expansion

k]
einz — einl Z ls( _ 1)SJs(K"12) ei5921’

5= -1

have been used. The second integral in equation (31) can also be simplified by using the
above expansion and equation (31) reduces to the system of equations

@ 0
Fp = 2nni Y, ,,,+,,F,,,+,,[kz—fk—z{J"QKa)%H,,(Zka)—H,,(2ka)§—aJ,,(2Ka)}

- S ) J(Kry)H (kr i )r dr12:|' (33)
2a

Elimination of F,, from the above equations yields a determinantal equation of infinite
order for K. It can be shown that K is the (complex) wave number of the average waves in
the composite. For, evaluating the integrals in equation (30) by the methods indicated
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above, we get, (W) = (W), e'k* where (W), is a constant given by

{W)o = 2man Z F, [kz.c { (Ka)a m(ka)—Hm(ka)%Jm(Ka)

m= — o0

el

y 2
+2mn, Y []p(Ka)é%Jp(ka) Jlka)s- p(Ka)][k—ZEIF{JMPQKa}a—aHm”Qka)

p=-

a s ¢}
Hm+p(2ka)5a‘]m+p(2Ka)} _j Jm+p(Krll)Hm+p(kr1Z)f(rIZ)rIZ drlz]}
2a

Dy

+k'2—K2

{Jm(Ka)a—anm( a)—J (K a) -y (Ka)}] (34)
4. Thin fibers

If the fibers are very thin compared to the wave length, ka is small and to the lowest
order of approximation equation (33) is equivalent to,

© in] i
F,= —2nn, Z Chin m+,,|:( ) - K2+k21"]’ (35)

n=—

where ’

© [x K
1, = —\Ji—x|H d 36
= [l o 36)

and C,, is given by equations (16). Recalling the remarks following equation (16), equation
(35) should be considered as three homogeneous equations in F,, F,, F_;. The equation
for K, mentioned in the preceding section, becomes in this case

2

m—l K m—1\ in [{K*[m—1 m—1

m—1 m—1 m—1K
-]l ———2cd—1)—— -1)—-—=I
+d—1 m+1 o )m+1}10+4c(d 1)m+1kl
m—1 K2
7 1{K?
—5¢ 2d—1) +1(k2 1)(15+1012—1%) (37)

where d = p'/p, m = y¢'/u. This is not an explicit equation in K, because it also appears
in the integrand of I,. If we ignore the effect of the correlation terms, an approximate
solution of equation (37) is given by

K2 1—cim—1)/(m+1)
2 S ) w4

If we define the average rigidity (u), by the relation K3 = w?{p)/{u>, where {p> = cp’
+(1 —c)p is the average density, then

o l+cm—1)[m+1)
u o l—cm=1)m+1) (39)

(38)
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This is the well-known formula for the longitudinal shear modulus, given by Hashin and
Rosen [6]. It is known to give values close to, but slightly less than, those determined by
experiments, for concentrations up to 0-6. We can thus take equation (38) as the zeroth
iterate of equation (37) and obtain, to the next higher order

—- 2 _
(1+c’" 1)5-~ [1+c(d—1)](1——c:: 1)

+1/ k? +1

_in Cafy om—1 _yfm=1 2 m—1}"1!
—2—(:2[:{(d 1) (1 ¢ +1)+2{1+c{d 1)(~——m+1) (1+c—~—-——m+l) }IO
-1 K, m—1 m—1i~

—4(d — 1)—«--»—1 TI +2[1+C(d—l)](m+1)(1+cm+1) I], (40)

with K replaced by K, in the integrand of I,. Although it is not difficult to obtain higher
order approximations, we shall restrict ourselves to this order only.

The value of K, as determined by equation (40) is complex, say K, +iK,. For the relevant
root K, K, > 0. The real part of K, determines the velocity of propagation B = w/K, and
the imaginary part determines damping, a measure of which is the specific damping
capacity ¥ = 4nK,/K,.

S. Numerical results for exponential correlation

The general discussion of the preceding sections will now be applied to the case when
f(r,,) is given by equation (22) satisfying the conditions (23) and (24). In this case we have

I, = AKZLZI e *J(KoLx)H (kLx)x dx.
0

Assuming L to be sufficiently small compared to the wave length, we obtain by expanding
the Bessel functions and retaining the lowest order terms,

2,0, kL in
I ——Ak L (1+l gT_E)’
I, = ——AHUT (41)
K
. 272 0
————l

Thus for an elastic matrix, due to the logarithmic term in I, K, is slightly reduced from
the value K. In other words, B is slightly increased from the corresponding value when
correlations are ignored. This indicates slight dispersion of the waves. K, and y, on the
other hand, are proportional to k2L? and are more susceptible to changes in kL. In order
to examine how B and ¥ depend on ¢, we consider boron fibers in an aluminum matrix.
For this system d = 2.53/2.72, and m = 25/3-87. For the statistical parameters, we take
A = e*¥% x|, because of the reasons stated under equation (24) and tentatively assume
that L{c) = Ly¢ in equation (23). The computed results are shown in Fig. 3. Both B and
 are seen to increase with ¢, the rate of the increment being greater for higher concen-
trations. The variation of these parameters with frequency or kL, is also clearly brought
out, and has the features mentioned above.
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F1G. 3. Longitudinal shear wave velocity and specific damping capacity of a boron-fiber, aluminum
composite.

If the matrix is a plastic, having linear visco—elastic behaviour, k and p have to be
considered as complex quantities, say k, + ik, and p, —ip, respectively, where k,, u, > 0.
In general x, and y, are functions of . To examine the behaviour of B and y in this case
we consider a polyisobutylene matrix with rigid fibers for which m - c and d = 2. The
dynamic properties of polyisobutylene are summarized in a paper by Toblsky and Catsiff
(8], from which we can compute the values of u,/u, for different frequencies. Assuming a

8/B (w)

Specific damping capacity, WV

-

. 1 H | 1 1
ro 3 ) ) 2 3

log, w log, w

F1G. 4. Longitudinal shear wave velocity and specific damping capacity of rigid fibers in polyiso-
butylene matrix. In both (i) and (ii) the curves for ¢ = 0-3and k,{w,)L, = 0-01 deviate insignificantly
from those with k (wg)L, = 0.
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101'6437

base frequency of w, = , we take a tentative value of L, given by

kl(wo)Lo == 0“01,
or,
Ly = 0-125 mm (approx).

The results of computation for two concentrations ¢ = 0-3 and 0-6 are shown in Fig. 4.
Both B/fi(w) and y are found to increase with log,, @. While the former increases with ¢
the latter remains constant if correlations are ignored (cf. Hashin {7]). The correlation
terms become significant for higher frequencies and concentrations. Their effect is to
increase the velocity and decrease the specific damping capacity. The damping is much
less affected by the correlation terms in this case due to the high damping property of
polyisobutylene. But, plastics which have much less damping (like the polyester resins)
will be significantly affected.
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Abcrpakr—Hccnenyercs pacnpocTpaHeHHe HePHOAHYECKHX, TaPMOHHYECKHX, IPOONBHBIX BONH CIBHIA B
MHOTOCJIOHHOM MaTepHaJie, C 6eCriopAIOYHO PACTIONIOKEHHBIMH HapanebHsIMA BoslokHamu, [Tpennonaras
YTO MHOTOCHOHHEIA MaTepHail ABNSETCA CTATHCTHYECKH OOHOPOIMBIM, NONyYaroTcs $Ga3osas CKOPOCTh H
3aTyXaHHE CPEAHBIX BOJH B BHAC GYHKIMH CTATHCTHMECKMX M MEXaHMYECKHX MapaMeTPOoB cucTembl. Jns
cay4asi, KOTA2 npeHeGperaercs cOOTHOWIEHUE PACTIONOKEHHA BOJOKOH, NIPEAIAraeMas TeOPHA CBOONTCH X
XOpOHIC H3BECTHBHIM dopmynaM Painuna u Po3eHa s oceBoro Monyis casura. JIOoKasaHo, YTO WIEHBI
COOTHOINGHHS JUIs PACcHIONIOXEHUS BOJIOKOH MMEIOT 3HaunTeTbHbIH 5ddexT na cBolicTBo AemndupoBanus
MHOTOCKOHHOI0O MaTepHana, oco0eHHO, nns CydYas BLICOKMX acTOT M KOHUEHTpPAImi.



